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I n t r o d u c t i o n . 

Two - d i m e n s i o n a l  p h o t o e l a s t i c i t y h a s  b e e n  t r a d i t i o n a l l y , b u t  
f a l  s e l y  , p r e s e n t e d  a s  a w h o l e  f i e l d  m e t h o d  o f  e X l'e r i m e n t a l  s t r e s  s 
a n a l y s i s . I t  a c t u a l l y  c a n  p r o v i d e  c o mp l e t e  i n f o rma t i o n r e l a t e d  t o  
s t r e s s  o n l y  a t  t h e  b o u n d a r y  o f  t h e  mod e l , w h e r e  o n e  o f  pr i n c i p a l  
s t r e s s  i s  k n o w n . Fo r g e n e r a l  i n t e r i o r  p o i n t  p h o t o e l a s t i c i t y 
p r o v i d e s  o n l y  two p i e c e s  o f  i n f o rm a t i o n r e l a t e d  t o  t h r e e  compo n e n t s  
o f  t h e  s t r e s  s t e n s o r  a n d  a n  a d d i t i o n a l  i n f o r m a t i o n i s  n e e d e d  i n  

' or d e r  t o  f u l l y  d e t e r m i n e  t h e  s t a t e  o f  s t r e s s .  
T h e  mo s t  c ommon l y  u s e d  m e t h o d  o f  s t r e s s  s e p a r a t i on i s  a num e r i c a l  
i n t e g r a t i o n o f  a n  e q u a t i o n o f  e q u i l i b r i um . T h e  r e s u l t s  o f  t h i s 
nume r i c a l  i n t e g r a t i o n  a r e  v e r y  s e n s i t i v e  t o  e r r o r s i n  i s o c l i n i c  
p a r a me t e r  m e a s u r e m e n t  a n d  i t s  obv i o u s  d i s a d v a n t a g e  i s  t h e  
a c c u mu l a t i o n o f  e r r o r s  b e c a u s e  o f  t h e  s umma t i o n p r o c e d u r e . 
I n  o r d e r  to i m p r o v e  an a c c u r a c y  o f  t h e  m e t h o d  a n d  " t o s p r e a d "  
t h e  e r r o r s  o v e r  a c e r t a i n  a r e a  s o m e  r e s e a r c h e r s  h a v e  emp l o y e d  
t h e  o v e r d e t e r m i n e d  a p p r o a c h  [ 1  l ,  wh i l e  o t h e r s  h a v e  t r i e d  t o  d e v e l o p  
m e t h o d s  wh i c h  w o u l d  s k i p  a n  i s o c l i n i c  a n g l e  m e a s u r e m e n t  
a l t o g e t h e r [ 2 l .  B e c a u s e  p h o t o e l a s t i c i t y  i s  a b o u n d a r y  v a l u e  m e t h o d  
( i t p r ov i d e s  a c o m p l e t e  s o l u t i o n  o n  t h e  b o u n d a r y  o f  t h e  d o m a i n  
o n l y ) i t  s e e m s  t o  b e  n a t u r a l  t o  t r y  t o  u s e  " t h e  b o u n d a r y  e l e m e n t s  
a p p r o a c h "  wh i c h  h a s  b e e n  s u c c e s s f u l l y  a p p l i e d  f o r  s o l v i n g a g r e a t  
v a r i e t y  o f  e n g i n e e r i n g  p r o b l em s . 

B o u n d a r y  E l em e n t s  M e t h od . 

T h e  s um o f  n o r m a  1 s t r e s  s e s  , i n  t h e  a b s e n c e  o f  b o d y  f o r c e s , i s  a 
f u n c t i on wh i c h  s a t i s f i e s  a h a rmon i e  d i f f e r e n t i a l  eq u a t i o n  
s u p p l e m e n t e d  w i t h b o u n d a r y  c o n d i t i o n s  

ro S 
= G = G J --6 E: G. (lb) '(l n  
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where í = r;: + � i s  the boundary of the doma i n  and " n "  i s  
a norma l t o  the boundary ( s ee F i g . ' ) .  
The " boundary e l ement method " s tatement f o r  poten t i a l  problem 
can be wr itten as [ 3 ]  

* .u.'V2S) S*dfi = Sra(G-b )S"dT;: - Sr;( S-S) Gltd [1  (2 ) 
where " S " i s  so c a l l e d  " fundamental " s o l u tion of a governing 
equa t i on \72( sj _ �) = O (3 ) 
The u n i t  " charge " i s  app l i e d  i n  the point " i "  under con s i de r a t i on 
and �l is the Dirac delta function with the property that 

S.Il. Sddll = SÚ ) (4- ) 
The b a s i c  feature of the " fundament a l " s o l u t i on i s  that 

S.ll.S('\iS .. +� I } dll = Sn.S(\72S .... )dn. + Si ) = 0  
U s i ng t h i s  equa t i on , Eq . ( 2 ) c an be rewr i t t en i nto the form 

S: l + S 5 G'd  r = Sr GS4'-d r  
wher e  

r s� G - fa S and G" = � - � n � n  

( 5  ) 

(6 ) 

w i t h  the " fundament a l " s o l u t i on for two - d imen s i on a l  doma in b e i n g  
[ 3 ]  . •  1 P ( !. )  5 = 27iI Ln ,.  (7) 
" r " i s  a d i s t ance from the p6 i n t  " i "  to the p o i n t  at the boundary 
where the cond i t i ons ( ' a , b )  a r e  de f i ned . The s e  boundary cond i t i o n s  
can be supp l i ed by photoe l a s t i c i  ty . At the free boundary , o n e  o f  
the p r i n c i p a l  stre s s  ( s ay 6ž ) equ a l s  to z e r o . Thus , 

s =  s =  � (8) 
and f r e e  boundary i s  an " i so s ta t i c "  l i ne " s

J
' "  wh i l e  a norma l 

to t h i s boundary i s  an " i s o s ta t i c "  l i ne " s 2 " . The d i f f eren t i a l  
equa t i on o f  equi l i br i um c a n  b e  w r i t ten i n  a c u r v i l i near c oor d i n a t e  
s y s t e m  f ormed by the s e  two s e t s  o f  " i s o s ta t i c " l i ne s  i n  the f o r m  

d �  + 6; - 6'1 = O ( 9 ) CiS2 "K1 
whe r e  

" R , " 
is the rad i u s  of curvature o f  " s , " .  N o t i n g  that 

where 

we have 

� = O . 5 (  5 + O )  6'2 = 0 . 5 ( :; - D )  

s = b'i -+- 6'2 . 
) 

d S  d D + 2 0  
d s2. - d S2 R1 

D = S;: - � 
- G  

(10) 
(11 ) 
(12 ) 

An out s i de i s o lated f o r c e  app l i ed a t  the boundary o f  
two - d imens iona l photoe l a s t i c model introdu c e s  s i ng u l a r i ty into 
boundary cond i t i ons . Th i s  s i ngu l a r i ty can be avoided by mod i f y i n g  
the boundary of the mode l ( f or c a l cu l a t i on purpo s e s  only ) by 
drawing a sma l l  c i r c l e  around the po int of a pp l i c a t i on o f  the f o r c e  
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( s ee F i g  2 )  and b y  emp l o y i n g  the we l l  known Bou s s i n e s q ' s  solut i on 
[ 4  J .  
S t r e s  s Separation Procedur e . 

For the s tres s sepa r a t i on the boundary of the mod e l  i s  d i s cret1 zed 
into "N" e l ements and value o f  " S "  and " G "  is a s sumed to be 
constant on each o f  the e l ement . Equ a t i on ( 6 )  is then wri t t en in a 
d i s c rete f orm N S,i)= t: G. rS·d r: + t s ·  f. G"d r: ( 1 3 )  

J e 1  J J r:;  J J = 1  J Ij J 
and the i ntegra l s  i n  t h i s equat i o n  are eva luated u s i n g  s tandard 
Gaus s quadrature r u l e . lt is obv1ous that the accuracy of t h i s  
approach depends on t h e  number o f  " boundary e l ement s " and 
f u rthermore i t s u f f e r s  f rom the s i ngu l a r i t y  o f  the " f undamenta l "  
s o l u t i o n  ( the r e s u l  t s  i n  the a r e a  c l o s e  t o  the boundary are of 
l ower a ccuracy than the r e s u l t s  i n  po i n t s  wh i c h  are i n  a s u f f i c i ent 
d i s tance from the bounda r y ) .  

Exampl e  o f  Separa t i on o f  S t re s s . 

The d i ametr a l l y  compre s s ed d i s k  ( 2  i n c h e s  i n  d i ameter ) was cho sen 
a s  a n  exampl e .  Two sma l l  c i r c l e s  o f  0 . 1 7 4 i nches were dr awn around 
the p o i n t s  wh ere the f o r c e s  were appl i e d . The c i r cum ference of the 
d i s k  w a s  d i v i ded into 44 e l ements with nodes l o c a t ed i n  the middle 
o f  e a c h  e l ement . The f r inge order wa s- measured a t  the points at 
the d i s tance 0 . 0 5 inch f rom t h e  nodal po i n t  s • The s e  points were 
located on the norma l to the boundary o f  the d i s k . Because the 
f r inge order is z ero a t  the bound ary o f  the d i s k , the gradient of 
" S "  was determined as 

d S  J\. 1 
C3"'n = � - o5) O:Os 

The boundary cond i t i on s  f o r  node s located on the c i r c l e s  around the 
po i n t s  o f  force a pp l i c a t i ons were determined u s i ng a s o l u tion for 
the i s o l a ted force appl i ed t o  the s t r a i ght edge o f  a half space 
[ 4 ] .  The s i mp l e  computer program was wr i t ten to c a l cu l ate the 
v a l u e s  o f  f i r s t  s c a l a r  i nva r i ant in the i n t e r i o r  points o f  the 
two - d imens i on a l  photoe l a s t i c  mode l . The i nputs i nto the program are 
l i s t e d  in Tab l e  1 ,  wh i l e  T a b l e  2 .  l i s t s  the r e s u l t s  of the 
c a l c u l a t i o n  together w i  t h  theore t i c a l  values o f  the f i r s t  s c a l a r  
i nva r i ant o f  the s t r e s  s t e n s o r . 
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Photoe l a s t i c i t y and Lea s t - S q u a re s " ,  1 9 8 7  SEM Con f erence , Houston , 
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4 )  Timos henko , S .  , Good i e r , J .  N .  , " Theory o f  E l a s t i c i  ty " ,  
McGraw-H i l l ,  1 9 7 0  
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E l ement 1 2 3 4 S 6 7 8 9 1 0  1 1  

X 1 .  O . 9 8 . 9 ' . 8 7 . 7 7  . 6 ' . 5 0 . 3 ' . 1 7 . 1 5  . 0 8 

y. 
. 0 0 . 1 7 . 3 4 . 5 0 . 6 '  . 7 7 . 8 7 . 9 ' . 9 8 . 9 0  . 8 3  

• 

Node 1 0  1 1  

X . 9 9 . 9 6 . 9 0  . 8 2 . 7 0 . 5 7 • • 2 . 2 6 . 1 6  . 1 1  . 0 4 

y" 
. 0 9 . 2 6 • ' 2  . 5 7 . 7 0 . 8 2 . 9 0 . 9 6 . 9 4 . 8 6 . 8 3 

n 

5 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 - . 8 6 - 2 . 3 8 - 3 . 2 0 

G . 6 0 . 8 0 . 8 0 1 . O 1 • •  2 . 2  3 . 8  9 . 8  - 6 . 9  - 1 5 . ' - 2 0 . 3  
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

X
e i Ye 

coord i n a t e s  o l  e x t r e m a l  pO l n t s  o l  .n e l ement 

X
n ; Yn 

coord 1 n a t e s  o l  nodes 

5 ; G f t r s t  . ce l a r s t r e s s  i n v a r i a n t  . n d  i t s  g r a d i e n t  

Tab l e  1 - Inputs i n to a compu t e r  program . 
De f i n i t i on of the prob l em . 

S e c t i o n  " a - a " 
P o i n t  1 2 
x • O . 1 yP O O 5P . 6 8 . 6 7  
s�� l C 

. 6 3 . 6 2 

S e c t i o n  " b - b "  
P o i n t  1 2 

X • O . 1 0  yP . 2 5 . 2 5 5P . 7 4 . 7 3 

s
c e l e  

. 7 2 . 7 0 
th 

S e c t i o n  " c - c " 
P o i n t  1 2 
X

p 
• O . 0 9  

Y
p 

. 5 0 . 5 0 
1 . ' 3 1 . 0 9  

. 2  . 3  

O O 

. 6 3 . 5 6 

. 5 9 . 5 3 

. 1 9  . 2 9  

. 2 5 . 2 5  

. 6 9 . 6 2 

. 6 5 . 5 8 

. 1 7  . 2 6 

. 5 0 . 5 0 

. 9 9  . 8 '  

. 4  • S . 6  . 7 . 8  

O O O O O 

. 4 8 . 3 9 . 2 9 . 2 0 . 1 1  
• • 6 . 3 8 • J O  . 2 1  . 1 4  

. 3 9 • . 8  • 5 8  • 6 8  . 7 7 

. 2 5 • 2 5  • 2 5  . 2 5  • 2 5  

. 5 3  . U  . 3 4 . 2 5 . 1 6  

. ' 9  · ' 0  . 3 1 . 2 2 . 1 ' 

. 3 5 • •  3 . 5 2 . 6 1 . 6 9 

. 5 0 . 5 0 . 5 0  . 5 0 . 5 0 

. 6 8 . 5 3  . 3 9 . 2 8 . 1 7 

· ' 8  . 3 5 . 2 ' . 1 4  �c . l c  
, . 0 6 1 . 0 2  . 9 1  . 7 7 . 6 2 - ! � - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

X
p

: Y
p 

coor d 1 n a t e s  o l  t h .  pO l. n t .  

1 0  
. 9  
O 

. 0 2 

. 0 6 

1 O 

• 8 7  

. 2 5  

. 0 8 

. 0 6 

1 O 

. 7 8 

. 5 0 

. 0 9 

. 0 7 

Sc e l e  
c a l c u l a ted m a q n l.  t u d e  o l  f i r s t.  s c a l a r  s t r e s s  

i nv a r l a n t . 

5th  t h eo r e t. i c a 1  maq n l t ud e  ol f l. r s t  s c a l a r  s t r e s s  

l n v a r l e nt . 

� 'i � 

I = �+ � n. 

F i g . 1 - De f i n i t i o n s  

F i g . 2 - Boundary cond i t ion 
f o r  an i s o l a t ed force · . 

3 

Y I a "  .. .. .. .. .. .. .. ..  .. 
- x _  

Tab l e  2 - C a l c u l a ted v a l u e s  of the f i r s t  s c a l a r  
inva r i ant f o r  d i ame tr a l l y  comp r e s sed di s k .  

b ;  . . . . . . .  " )2 
/ 

J a n  Cerno s e k , Photo S t r a i n , 

P · I  

F i g .  3 - Separ a t i o n  o f  s t r e s s  in a d i s k  

4 4  el ement s / 4 4  nodes . 

7 8 1 4 Bryn Mawr , D a l l a s  TX 7 5 2 2 5 ,  U S A  




